We investigate a variety of stability properties of Haezendonck-Goovaerts premium principles on their natural domain, namely Orlicz spaces. We show that such principles always satisfy the Fatou property. This allows to establish a tractable dual representation without imposing any condition on the reference Orlicz function. In addition, we show that Haezendonck-Goovaerts principles satisfy the stronger Lebesgue property if and only if the reference Orlicz function fulfills the so-called ∆ 2 condition.
Introduction
Premium principles based on Orlicz norms were introduced in the classical paper by Haezendonck and Goovaerts [16] as multiplicative equivalents of the zero utility principle. The original formulation was extended by Goovaerts et al. [13] and by Bellini and Rosazza Gianin [4] to account for general (not necessarily positive) losses. The extended formulation is known under the name of Haezendonck-Goovaerts premium principle (or equivalently Haezendonck-Goovaerts risk measure) and has been the subject of extensive study in the literature, see Bellini and Rosazza Gianin [5] and [6] , Goovaerts et al. [15] , Mao and Hu [18] , Tang and Yang [21] and [22] , Zhu et al. [26] , Ahn and Shyamalkumar [1] , Peng et al. [20] , Wang and Peng [24] , Liu et al. [17] , Wang et al. [23] . Moreover, we refer to the general survey by Goovaerts and Laeven [14] .
As already pointed out in the original work by Haezendonck and Goovaerts [16] , the natural model space for such premium principles are Orlicz spaces. Perhaps influenced by the earlier framework of risk measure theory, the bulk of the later literature following [16] has developed the theory of Haezendonck-Goovaerts premium principles for bounded losses. In Bellini and Rosazza Gianin [6] the authors go beyond the bounded setting and focus on a general Orlicz space. However, their main results, most notably their dual representation, are only valid in a special class of Orlicz spaces, which are characterized by Orlicz functions satisfying the growth condition known as ∆ 2 condition in the literature. In this case, the Orlicz spaces enjoy some special properties that, in particular, automatically allow for a tractable duality theory, see e.g. Cheridito and Li [8, 9] .
Since the Orlicz function defining the premium principle in its original formulation originates from a general (von Neumann-Morgenstern) utility function, there is a priori no legitimate restriction on the Orlicz function and, thus, on the corresponding Orlicz space. In this short note, we aim to fill this gap and provide a full picture on the stability properties and dual representation of Haezendonck-Goovaerts premium principles defined on a general Orlicz space. Most notably, we prove that Haezendonck-Goovaerts premium principles always satisfy the Fatou property and characterize when they satisfy the stronger Lebesgue property. As a consequence, we can exploit some recent results on functionals on Orlicz spaces, see Gao et al. [12] , to establish tractable dual representations of Haezendonck-Goovaerts premium principles without requiring the ∆ 2 condition.
Haezendonck-Goovaerts premium principles on Orlicz spaces
We first provide a brief review of Orlicz spaces. For more details on Orlicz spaces we refer to Edgar and Sucheston [10] and Zaanen [25] . Throughout the note, let (Ω, F, P) be a nonatomic probability space. We denote by L 0 the set of Borel measurable functions X : Ω → R. As usual, we identify two functions that are equal almost surely. The set L 0 is equipped with its canonical vector lattice structure. A nonconstant function Φ : [0, ∞) → [0, ∞] is said to be an Orlicz function if it is convex, nondecreasing, left-continuous, and satisfies Φ(0) = 0. The conjugate of Φ is the map Ψ :
The function Ψ is also an Orlicz function. The Orlicz space associated with Φ is defined by
The Orlicz heart of L Φ is given by
The Orlicz space L Φ is a Banach lattice with respect to the Luxemburg norm
We always equip the Orlicz space L Ψ with the Orlicz norm
The subspace of L 0 consisting of P-bounded functions, respectively P-integrable functions, is denoted by L ∞ , respectively L 1 . We always have L ∞ ⊂ L Φ ⊂ L 1 with norm-continuous embeddings. The norm dual of L Φ is therefore a subspace of the norm dual of L ∞ and in general cannot be identified with a function space. On the contrary, the norm dual of H Φ can always be identified with L Ψ provided that Φ is finitely valued (see Theorem 2.2.11 in Edgar and Sucheston [10] ).
We say that Φ satisfies the ∆ 2 condition if there exist y ∈ (0, ∞) and k ∈ (0, ∞) such that Φ(2x) < kΦ(x) for every x ∈ [y, ∞). Since the underlying probability space is nonatomic, we have that Φ satisfies the ∆ 2 condition if and only if L Φ = H Φ (see Theorem 2.1.17 in Edgar and Sucheston [10] ).
From now on, as is standard in the literature on Haezendonck-Goovaerts principles, we fix a finite-valued Orlicz function Φ that is normalized by Φ(1) = 1 (in the case that Φ assumes the value ∞ we have L Φ = L ∞ , for which we refer to the thorough study by Bellini and Rosazza Gianin [4] ). For a given α ∈ (0, 1) we consider the Orlicz function Φ α := Φ 1−α and define the map N α :
For later convenience, we introduce for every X ∈ L Φ the function π α (X, ·) : R → R defined by
Definition 2.1. The Haezendonck-Goovaerts premium principle associated to Φ at level α is the map
In the following result we collect a number of useful properties of Haezendonck-Goovaerts premium principles.
Proposition 2.2 (Proposition 3 in [6]
). For every X ∈ L Φ the function π α (X, ·) is convex and satisfies
In particular, π α is finitely valued and for every X ∈ L Φ there exists m X ∈ R such that
Moreover, π α is sublinear, monotone increasing, and law invariant.
Stability properties
In the spirit of Theorem 4 in Haezendonck and Goovaerts [16] , in this section we take up the study of a variety of continuity properties of Haezendonck-Goovaerts premium principles. We start by showing that Haezendonck-Goovaerts premium principles are always Lipschitz continuous with respect to the Orlicz norm induced by Φ. This property was established in Proposition 4 in Bellini and Rosazza Gianin [6] in the special setting of Orlicz hearts using the dual representation of Haezendonck-Goovaerts premium principles. Since π α is sublinear, Lipschitz continuity on a general Orlicz space follows from the general results on risk measures obtained in Proposition 3.6 and Theorem 3.16 in Farkas et al. [11] .
Here, we provide a simple direct proof.
Proof. Since L Φα and L Φ consist of the same functions, it follows from Proposition 2.2.1 in Edgar and Sucheston [10] that there exists a constant c ∈ (0, ∞) such that X Φα ≤ c X Φ for every X ∈ L Φ . Then, we easily get
for every X ∈ L Φ by monotonicity. Then, it follows from subadditivity that
for all X, Y ∈ L Φ . This yields the desired statement.
Remark 3.2. The above proof also shows that π α is Lipschitz continuous with constant 1, i.e. is nonexpansive, with respect to the norm N α .
As Lipschitz continuity is generally not strong enough to imply tractable dual representations, we turn to study continuity properties with respect to the order structure of L Φ . More precisely, we focus on the Fatou property, which corresponds to lower semicontinuity with respect to dominated almost-sure convergence, and on the stronger Lebesgue property, which corresponds to continuity with respect to dominated almost-sure convergence. Recall that, for a monotone functional like π α , the Fatou property is equivalent to continuity from below while the Lebesgue property is equivalent to continuity from above and below simultaneously.
We start by showing that Haezendonck-Goovaerts principles are always continuous from below and satisfy the Fatou property. Here, we write X n ↑ X to mean that the sequence (X n ) ⊂ L Φ is increasing and converges almost surely to X ∈ L Φ .
Theorem 3.3. The Haezendonck-Goovaerts premium principle π α satisfies the following properties:
(i) π α is continuous from below, i.e. for every sequence (X n ) ⊂ L Φ and every X ∈ L Φ we have
(ii) π α satisfies the Fatou property, i.e. for every sequence (X n ) ⊂ L Φ such that sup |X n | ∈ L Φ and for every X ∈ L Φ we have X n a.s.
Proof. As noted above, it is enough to prove (i). Consider a sequence (X n ) ⊂ L Φ and X ∈ L Φ such that X n ↑ X. Recall from Proposition 2.2 that for every n ∈ N there exists m n ∈ R such that π α (X n , m n ) = π α (X n ) and, similarly, there exists m ∈ R such that π α (X, m) = π α (X).
Hence, we have to show that π α (X n , m n ) → π α (X, m). Since (π α (X n , m n )) is a nondecreasing sequence that is bounded from above by π α (X, m), it suffices to show that π α (X n k , m n k ) → π α (X, m) (3.1)
for a subsequence (m n k ). We start by proving that (m n ) is bounded. To this effect, note that m n ≤ π α (X n , m n ) = π α (X n ) ≤ π α (X) for every n ∈ N. Hence, (m m ) is bounded above. Suppose that (m n ) is unbounded from below. By passing to a subsequence, we may assume that m n → −∞. Then π α (X, m n ) → ∞ by Proposition 2.2. Note that
where the first inequality follows from the triangle inequality and the last two inequalities follow from the fact that (X − m n ) + − (X n − m n ) + ≤ X − X n ≤ X − X 1 for every n ∈ N. This implies that π α (X n ) = π α (X n , m n ) → ∞. However, we have π α (X n ) ≤ π α (X) for every n ∈ N. This contradiction proves that (m n ) is bounded.
Being bounded, the sequence (m n ) must be contained in a suitable compact interval K ⊂ R. Of course, we can assume that m ∈ K as well. Since for every r ∈ R we have (X n − r) + ↑ (X − r) + and thus N α ((X n − r) + ) ↑ N α ((X − r) + ), see e.g. Theorem 131.6 in Zaanen [25] , we see that π α (X n , r) ↑ π α (X, r) (3.2) for every r ∈ R. Note that π α (X, ·) and each π α (X n , ·), being convex, are continuous. Thus, it follows from Dini's Theorem that (π α (X n , ·)) converges to π α (X, ·) uniformly on K. By compactness, we can find a subsequence (m n k ) that converges to some m 0 ∈ K. Then, it is easy to see that π α (X n k , m n k ) → π α (X, m 0 ). Indeed, for every ε ∈ (0, ∞) there exists k ε ∈ N such that
whenever k > k ε by uniform convergence and by the continuity of π α (X, ·). As a result, we infer that
This yields (3.1) and concludes the proof.
We proceed to study the stronger Lebesgue property and continuity from above. We write X n ↓ X to mean that the sequence (X n ) ⊂ L Φ is decreasing and converges almost surely to X ∈ L Φ .
Theorem 3.4. For the Haezendonck-Goovaerts premium principle π α the following statements are equivalent:
(a) π α is continuous from above, i.e. for every sequence (X n ) ⊂ L Φ and every X ∈ L Φ we have
(b) π α satisfies the Lebesgue property, i.e. for every sequence (X n ) ⊂ L Φ such that sup |X n | ∈ L Φ and for every X ∈ L Φ we have X n a.s.
− − → X =⇒ π α (X n ) → π α (X).
(c) Φ satisfies the ∆ 2 condition.
Proof. Suppose that Φ satisfies the ∆ 2 condition and recall that L Φ = H Φ in this case. That π α satisfies the Lebesgue property follows from Proposition 4 in Bellini and Rosazza Gianin [6] and Theorem 1 in Orihuela and Ruiz Galàn [19] . This shows that (c) implies (b). It is immediate to see that (b) implies (a).
We conclude by showing that (a) implies (c). To this effect, assume that π α is continuous from above but Φ does not satisfy the ∆ 2 condition. In this case, Φ α also fails to satisfy the ∆ 2 condition. Then, it follows from Theorem 133.4 in Zaanen [25] that we find a sequence (X n ) ⊂ L Φ and a scalar δ ∈ (0, ∞) such that X n ↓ 0 and N α (X n ) ≥ δ for every n ∈ N. By Proposition 2.2, for every n ∈ N we find m n ∈ R such that π α (X n , m n ) = π α (X n ). Note that π α (X n , m n ) = π α (X n ) → π α (0) = 0 (3.3) by continuity from above. Since π α (X n , 0) = N α (X n ) ≥ δ for every n ∈ N, we see that only finitely many m n 's can be zero. Hence, we can always assume without loss of generality that (m n ) consists either of strictly-positive or of strictly-negative numbers. We first focus on the strictly-positive case. Assume that m n > 0 for every n ∈ N. We claim that m n → 0. Indeed, otherwise, there exist ε ∈ (0, ∞) and a subsequence (m n k ) such that m n k ≥ ε for every k ∈ N. Then π α (X n k , m n k ) ≥ π α (0, m n k ) = m n k ≥ ε for every k ∈ N, which contradicts (3.3) . This proves the claim. Now, for each n ∈ N the affine function f n : R → R defined by f n (m) = π α (X n , m n ) − π α (X n , 0) m n m + π α (X n , 0)
is easily seen to satisfy f n (0) = π α (X n , 0) and f n (m n ) = π α (X n , m n ). Hence, it follows from the convexity of π α (X n , ·) that π α (X n , −1) ≥ f n (−1). This yields
for every n ∈ N. However, this is clearly not possible because the right-hand side explodes as n → ∞. As a result, our initial assumption that Φ does not satisfy the ∆ 2 condition is not tenable.
Next, we focus on the strictly-negative case. Assume that m n < 0 for every n ∈ N. We again show that m n → 0. Otherwise, there exist ε ∈ (0, ∞) and a subsequence (m n k ) such that m n k ≤ −ε for every k ∈ N and thus
for every k ∈ N, contradicting (3.3) as well. Here, we have used the fact that
From now on we can argue as in the strictly-positive case. In sum, we have established that (a) must imply (c), concluding the proof.
Dual representations
In the previous section we have established that Haezendonck-Goovaerts premium principles satisfy the Fatou property on any Orlicz space, regardless of whether Φ fulfills the ∆ 2 condition or not. This allows us to exploit some recent results on dual representations of law-invariant functionals on Orlicz spaces to derive a dual characterization of Haezendonck-Goovaerts premium principles as worst expectations on a suitable set of probability measures. This extends Proposition 4 in Bellini and Rosazza Gianin [6] beyond the ∆ 2 case.
Recall that the conjugate function of π α with respect to the duality pair (L Φ , L Ψ ) is the map π * α :
Here Ψ α is the conjugate of Φ α and || · || Ψα is the Orlicz norm of L Ψα .
Proof. Take any Y ∈ L Ψ and define a map π * α,H Φ : L Ψ → (−∞, ∞] by setting
We clearly have that π * α (Y ) ≥ π * α,H Φ (Y ). We claim that the converse inequality also holds. To see this, let X ∈ L Φ . By Proposition 3.4 in Gao et al. [12] there exists a sequence (F n ) of finitely-generated σ-subalgebras of F such that E[X|F n ] → X almost surely and sup n∈N |E[X|F n ]| ∈ L Φ . Since π α has the Fatou property, we have π α (X) ≤ lim inf n π α (E[X|F n ]). Now, note that C = {Y ∈ L Φ ; π α (Y ) ≤ π α (X)} is convex, law-invariant, closed with respect to dominated almost-sure convergence (by the Fatou property), and clearly contains X. Hence, by Corollary 4.5 in Gao et al. [12] we have E[X|F n ] ∈ C for every n ∈ N, so that lim sup n π α (E[X|F n ]) ≤ π α (X).
As a consequence, we infer that π α (X) = lim n π α (E[X|F n ]). (4.1)
Note that E[X|F n ] ∈ L ∞ ⊂ H Φ for each n ∈ N. Thus, by applying (4.1) and the Dominated Convergence Theorem, we get
. Therefore, we have π * α (Y ) = π * α,H Φ (Y ) as claimed. We can now use Proposition 4 in Bellini and Rosazza Gianin [6] to infer that
This concludes the proof of the lemma.
We can now state the announced dual representation of Haezendonck-Goovaerts premium principles. In what follows we denote by P(P) the set of all probability measures over (Ω, F) that are absolutely continuous with respect to P. for every X ∈ L Φ , where Q ∞ α = Q ∈ P(P) ; dQ dP ∈ L ∞ , dQ dP L Ψα ≤ 1 .
Proof. Recall that π α is convex, law-invariant, and satisfies the Fatou property on L Φ . Then, Theorem 1.1 in Gao at el. [12] asserts that π α is σ(L Φ , L ∞ ) lower semicontinuous. Thus, a direct application of the classical Fenchel-Moreau dual representation gives
for every X ∈ L Φ . In view of Lemma 4.1, we can write
for every X ∈ L Φ . It remains to observe that every element Y in the above supremum can be expressed as a Radon-Nikodym derivative with respect to P.
Remark 4.3. In the theorem, if we use Q H α = Q ∈ P(P) ; dQ dP ∈ H Ψ , dQ dP L Ψα ≤ 1 in the supremum, then it follows from Theorem 3.4 and Theorem 1 in Orihuela and Ruiz Galàn [19] that the supremum is attained at every X ∈ L Φ if and only if Φ satisfies the ∆ 2 condition.
